· For any consideration of partial credit all work must be shown in the space provided (you can hit enter if more room is needed) and the answer spaces completely filled in.

I. Chapter 1: Integers
1. Find n! For n equal to each of the first ten positive integers.         1. ___________
2. Use mathematical induction to prove that x – y is a factor of xn – yn, where x and y are variables.

3. Prove that fn - 2 + fn + 2 = 3f​n whenever n is an integer with n ≥ 2. 
(Recall that f0 = 0.)

4. Show that if a is an integer, then 3 divides a3 – a 

II. Chapter 3: Primes and Greatest Common Divisor
5. Find the smallest prime between n2 and (n + 1)2 for all positive integers n with n ≤ 10.
5:___________________________________
6. Let a be a positive integer.  What is the greatest common divisor of a and a2?

6: ________________________________
7. Use the fact that every prime divisor of 
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is of the form 27k + 1 = 128k + 1 
to demonstrate that the prime factorization of F5 is F5 = 641*6700417.

8. The Indian astronomer and mathematician Mahavira, who lived in the ninth century, posed this puzzle: 
A band of 23 weary travelers entered a lush forest where they found 63 piles each containing the same number of plantains and a remaining pile containing seven plantains.  They divided the plantains equally.  
How many plantains were in each of the 63 piles? Solve this puzzle. 
8._______________
III. Chapter 4: Congruences
9. Find the least positive residue of 1! + 2! + 3! + … + 100! modulo each of the following integers.

a) 2





a)______________________
b) 7





b)_____________________
c) 12





c)_____________________
d) 25





d)_____________________
10. Show that if a, b, and m are integers with m > 0 and a = b(mod m), then a mod m = b mod m.

11. Show by mathematical induction that if n is a positive integer, then 4n = 1 + 3n (mod 9).

12. a) For which integers c, 0 ≤ c < 30, does the congruence 12 x = c (mod 30) have solutions?  
a)_______________________________________________

b) When there are solutions, how many incongruent solutions are there? 






b)_______________________________________________

13. Find all solutions of x6 – 2x5 – 35 = 0 (mod 6125).
13:______________________________

IV. Chapter 6: Some Special Congruences
14. Using Fermat’s little theorem, 
Find the least positive residue of 2 1,000,000modulo 17.









14:_________________________

V. Chapter 7: Multiplicative Functions
15. Find all positive integers n such that φ(n) = 12.  
15.______________________________
Be sure to prove that you have found all solutions.

16. For which positive integers n does φ(n)\n ?

16.______________________________
17. Which positive integers have exactly four positive divisors? 

17.______________________________
VI. Chapter 13: Some Nonlinear Diophantine Equations
18. Find all solutions in positive integers of the Diophantine equations x2+ 2y2 = z2.

18._____________________________
VII. Chapter 8: Cryptology
19. The message:

 MJMZK CXUNM GWIRY VCPUW MPRRW GMIOP MSNYS RYRAZ PXMCD WPRYE YXD were encrypted using an affine transformation C = aP + b(mod 26).  
Use frequencies of letters to determine the values of a and b.  
What is the plain text message?
19._____________________________________________________________________________________________________________
20. Decrypt the following message, which was enciphered using the Vigenere cipher with encrypting key TWAIN.

PACWH
EZUAR
NLTEB

XPEZA

BPIMF

BJLMN

KJIVT

THLBU
TPIAG

HXETR

TNNMQ
TXOCG
HQRWJ
GSOZY
WWNLG

AATPB
NOAVQ
LKFVN
MEOVF
MDABU

TREIE

BOEVN
GZFTB
NNIAU
XZAVQ

OWNQF
AADNE
HIIBZ

TPHMZ
TPIKF

THOVR
PKUTQ
HYCCC
RIEMV

ZDTUV
EHIWA
RAAZF

20._________________________________________________________________________________________________________
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